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ABSTRACT 



We discuss the equivalence of two dual scalar field theories in 2 dimensions. 
The models are derived though the elimination of different fields in the 
same Freedman-Townsend model. It is shown that tree S'-matrices of 
these models do not coincide. The 2-loop counterterms are calculated. It 
turns out that while one of these models is single- charged, the other theory 
is multi-charged. Thus the dual models considered are non-equivalent on 
classical and quantum levels. It indicates the possibility of the anomaly 
leading to non-equivalence of dual models. 
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1 Introduction 



The duality transformations are nowadays widely used in a field theory, providing 
the description of physical systems on alternative groundings. The first example of 
this approach is likely to be given by the Kramers- Wannier duality [|TJ, relating the 
low-temperature properties of lattice models with the high-temperature ones. (See @ 
for a review on the applications of duality transformation in superstring theory, and 
references therein). The original model and its dual are commonly assumed to be 
physically equivalent. However, in quantum theory the transformations like changes 
of variables may induce anomalies, with axial and conformal anomalies being their 
typical examples. Thus, the question on equivalence of dual theories deserves a more 
thorough discussion. 

The present work is aimed to join this discussion, considering two dimensional 
Freedman-Townsend model ||. In the general opinion, this model is equivalent to 
the model of principal chiral field (p a [p], [|, g|. The latter one arises after elimination 
of vector fields using the equations of motion due to variations of the action by 
a scalar field B a (which an antisymmetric tensor in 2 dimensions is reduced to). On 
the other hand, when the equations of motions due to A ^ field variations are used, 
one arrives at the theory written in terms of the field B a . The two models: the 
model of the principal chiral field ip a , and that of the field B a , are related by duality 
transformation 0, [| [|. Can one treat them as equivalent? We show in this work, 
that in perturbation theory one can not. To compare the models, the Born scattering 
amplitudes 2 — > 2, and the 2- loop counterterms are calculated. Though even the 
Born amplitudes turn out to be different, the arguments based on calculations of S- 
matrix elements could be considered dubious, since the massless particles are involved. 
The comparison of counterterms provide more powerful ones. The geometry of the 
principal chiral field model constraints the total renormalization reducing it to a 
multiplicative renormalization of the coupling and a non-linear renormalization of 
the field [[5J. The principal chiral field model is single- charged. The 5 a -field model is 
also single-charged in one-loop approximation (it has already been known since the 
work H), though the charge renormalizations in these models are different. Below 
we demonstrate, that in two-loop approximation the renormalization in the 5 a -field 
model is not reduced to the charge and B a field renormalizations. In fact, this model 
is multi-charged. The latter means that these dual models are nonequivalent, calling 
for explicit checks to be made when the equivalence of any pair of dual models is 
alleged. 

The paper is organized as follows. In section [2A Formal Approachsection.2| the 
Freedman-Townsend model is described. Restricting ourselves to the SU(2) group 
case, we construct the action in terms of the field B a , and, after a sequence of path 
integral transformations, demonstrate a formal equivalence of this model to the model 
of principal chiral fields. Born scattering amplitudes are calculated in section |3Born 
Amplitudessection. 3| . In section |4Two-Loop Countertermssection."^ we evaluate two- 
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loop counterterms. Finally, in section |53-Dimensional Modelsection.5| the calculations 
of Born amplitudes in two different representations of the 3- dimensional Freedman- 
Townsend model are presented. In this case the amplitudes do coincide! We interpret 
this fact as an indication that the possible origin of 2-dimensional anomalies lies in 
ill-defined infrared behavior of the massless theory. 



2 A Formal Approach 

Consider the Freedman-Townsend model 



s = J d 2 x [b^f; v + \a^) (i) 

with F* = dfj,A1 — dyA 1 ^ + f l ^ k A^A k ul k = 1, 2, 3, in two dimensional space-time: 
/i = 0, 1. In this case, any antisymmetric tensor B lfll/ is proportional to e^, so that 

B^ v = -B^, e 01 = 1, 
and the action takes the form 

s = Jdx Qi? + 1 -a^ 

The path integral for this theory reads 

Z = J DB l DA\ exp{iS}. (2) 

Let us write down another pair of expressions, formally equivalent to the above. The 
first one is derived as follows. Perform the formal change of variables A 1 ^ — > (f 1 , A 1 ) 
in ||], where 

Al = -P k C^{y)d Q C nj {y) + A* = A^)<V + A\ 

c^) = (ex P $).. , (p l3 = p\\ r k r i = fs m , 



Kj{v) = [ drCi^Tip) 



exp (p — 1 



When A 1 = 0, the fields A 1 ^ represent a pure gauge. The Jacobian of the change is 
D D {f/^] = II sflM Det d x ee J(<p) Det d u 
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where g(ip) = det gij(ip), gij((f) = ^ik(<p) Ajfc(y) . The path integral |^ becomes 
Z = J DB l D v l DA l J(y) Detdi exp |i ^ rfx (sV^' + -d^g^d^ + 0(A) 

= J D(p l J(cp) ^^ exp |i y rfx ^d^gijd^cp^ . 
Here Vi 7 is the covariant derivative 

vi J = d x 5 i] + / ifc Mj. 

One easily checks that 

Det V\ j = Det di, 

which finally leads to 

Z = J D(f l J((f) exp (i J dx -d^g^d^X = J Dif r J(if) exp {iS ch (tp)} . (3) 

The action S c h_(ip) is nothing but an action of the model of principal chiral fields. 
Hence one concludes that this model is equivalent to the model described by the 
Freedman-Townsend action |]. 

The other expression for Z results after a trivial integration over the fields A 1 : 

Z = J DB'e^J^B)- 112 , (4) 

S h (B) = ~J dx^d x B l N'^d a B\ (5) 

N^i" = SifT + e^ u f ijk B k , 

J\{B) = DetN, ?7^ = diag(l,-l). 

The representation |4| should be interpreted as the partition function for the theory 
of scalar fields with the action Sb(B) [|. So, at the formal level, one is tempted to 
accept the equivalence of the theory of principal scalar fields to the theory [5[ In the 
following sections we show that such a conclusion is incorrect. 



3 Born Amplitudes 

In this section we calculate 2 — ► 2 scattering amplitudes in the theory of principal 
chiral fields, and in the theory described by the action || 

The action for the principal chiral fields in relevant approximation is written as 

S ch (^) = J d 2 x (jdrfdrf - If Vd,/ • f mn V m d^ n + <% 6 )) . 
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The Born 2^2 scattering amplitude A c ^ is given by a single diagram 

Pi,i P3,k 
P2,j Pa, I 



(6) 



and equals to 



-\f i r n f kln ( Vl p 3 — p^n.\ J- fikrifjln, 

+ f Un f jkn (piP2-PiPs)]. (7) 



Ah = g [f ijn f kln (pm - Pm) + f kn f ln (PiP2 - pxpa 



Of course, this expression is valid for any space-time dimension. 
The action for B l field up to an order required is 

S h {B) = J tfx^dp&duB* - ^e^ k B%B'd v B k 
_ -p k B ] d^B k f lln B l d^B n + 0(B r °)). 

In this theory, the total scattering amplitude Ab equals to a sum of the amplitudes 

A B = A 4 + A 33 , 

where A 4 is represented by the diagram || while A 33 is given by the sum of diagrams 
Pii a P3,c pi,a p 2 ,b pi,a p 2l b 

(8) 

P2,o p 4 ,d p 3 , c p 4l d p 4 ,d p 3 ,c 



The calculations result in 



A 4 = 12A ch 
A 33 = -27A ch , 



so that 



A B = -15A 



ch ! 



and thus the Born scattering amplitudes differ in these models. Of course, any argu- 
ments based on calculations of scattering amplitudes may seem unreliable since the 
scattering particles are massless and, strictly speaking, do not exist in two dimensions. 
More serious arguments will be given in the section below. 
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4 Two-Loop Counterterms 



In this section we study the structure of counterterms in the model [5[ Both the 
model of principal chiral fields and the S*-field model are essentially non-linear. Be- 
ing renormalizable by their divergence indices (the counterterm dimensions do not 
exceed 2), they generally admit an infinite number of counterterm structures. The 
existence of a global symmetry group in the first model allows to prove || that the 
renormalization is reduced to a renormalization of the coupling constant (an overall 
factor before the total action), and a non-linear renormalization (reparametrization) 
of the fields^} The I^-field model do not possess any geometric background, thus, 
no symmetry restrictions on the choice of imaginable counterterms do exist. How- 
ever, having taken on truth the equivalence of the two models, one should expect a 
renormalization to be reduced (modulo renormalization of the field B l ) solely to the 
renormalization of the charge, i.e. the factor before the total action. In other words, 
the renormalized action should have the form 

S h (B) + Is^B) + V 2 (-S 21 (B) + \s 22 (B) 



= X( V ,e)S h (B)(B(B, V ,e)) + 0( V 3 ), (9) 
where r\ is the loop expansion parameter (two loops will suit for what follows), 



\{v,e) = l + -\i + 7f[-\ 21 + -z\ 



e V e e 



x 22 



B a (B, v ,e) = B a + n -F?{B) + V 2 (-F^(B) + ±F%{B) 
e V e e z 

and e is the parameter of dimensional regularization we use below. Comparing the 
coefficients before 1/e in left and right-hand sides of the relation |^, we see that the 
following equalities must hold 

S 1 {B)=\ 1 S b (B) + ¥^F*(B), (10) 
S 21 (B) = X 21 S h (B) + 5 ~^-Fl 1 (B). (11) 

We restrict ourselves to the case of SU(2) group, when the action Sb(B) can be written 
out explicitly. After the transition to Euclidean space-time, it reads 



6u + B i B j „ . „„ e ijk B k 



2 Under a suitable choice of parameterization of the group manifold the renormalization of the 



d v B j . (12) 



fields becomes multiplicative 



oi parai 
©0- 
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Due to conservation of global SU(2) group, the renormalizations have the following 
general structure 



3i{B) - 
S 21 (B) 



1 
2 

+ ie^ e ijk B k D 1 (z)]d u B j , 
' f d 2 x d^S^A^z) + 5^B l B^C 2l {z) 



+ ie^ e ijk B k D 21 (z)]d v B j 



Fl(B) = B l f 1 (z), F 2 i 1 (B) = B i f 21 (z) 



z = B l B l 



B 2 



Eq. 



p| imply the relations between the functions introduced above: 

A(z) v^) i Ax 



(3 + z)/ 1 (z) + Ai 



1 + z 



1+*' 



Ai 



2/21^; 



fl ( z )+Afi(z) + 

1 + z 



(13) 



C 21 (z) 



(1 + z) 2 
4 + 2z 



1 + 



1 + ^ 



1 + z' 



A 



21 



(14) 



;i + *) 2 *" v "' ' ~" iv ~' ' 1 + 2" 

Below we present the results of calculations of the functions Ax, C\, Dx, A 2 x, C21, 



-D21, and the solutions to the equations |1~3|,|T4" 



It is known [|T^, [13|] that up to a non-linear change of variables, the counterterms 
are expressed in terms of the geometric objects, namely, through the metric, curva- 
ture, torsion and their covariant derivatives. In our case the action may be rewritten 
in the form (in Euclidean space-time) 



where 



S h {B) = - I d 2 xd^ ( gij (B)6^ + ie^haiB)) d v B 3 , 



9ij(B) 



5ij + / >, I > j 
1 + B 2 ' 

We will need the following expressions: 



e ijk£>k 
1 + B 2 ' 



(1 + B 2 )5 i3 - 



)k = 29 m ( d j9nk + d k g jn - d n g jk ) 



(2 + B 2 )B% k - (1 + B 2 )Bi5 ik - (1 + B 2 )B k 5 l3 + B l B^B h 

(1 + B 2 ) 2 
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Hijk — dkhij + djhki + dihjk 
3 + B 2 

RjM = - dFjk + ^nk^]i - r ^r" fc (15) 

= (— 35u5j k — 3B 2 5u5j k — B 4 5u5j k + 35 ik 5ji + 3B 2 5 ik 5ji + B S ik Sji 
- 35jiB l B k - B 2 5 j iB i B k + B 2 5 it B j B k + 35 jk B i B l 
+ B 2 5 jk B i B l - B 2 5 lk B j B l )/{l + B 2 ) 3 . 

4.1 One-Loop Approximation 

The one-loop counterterm (modulo the change of fields) equals [[L4 



Si(5) =~j d 2 xd^B l (R m + ie^R M ) d v B* 

p _ ( p _\_TJ TTinn 



The calculation gives 



3 + x , 3 + 8ff 2 + ff 4 Dip , 
fo) ~ 4tt(1 + B*) ij + 4tt(1 + 52)3 " a ' 



The equations 13 in this case have the solution 



ft \ l ~ B2 \ 1 

h[z) ~ ~ mi + Wy Al ""4^- 

So, the renormalization of the model with the action [E2| is reduced to the renormal- 
ization of a single parameter (the factor before the action) exactly as it has been in 
a chiral theory; the renormalizations in these models are, however, different (chiral 
theory had Ai = -1/tt 0, 0). 



4.2 Two-Loop Approximation 

The metric renormalization will turn out to be sufficient for our purposes, i.e. only 
the function (5^ 2 \j{B) in the expression for the two loop counterterm 
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matters. 

The expression for ftjf'ij we used was taken from the work |15| (see also |l6j 



/3f 



Mi 



Q 1 1 

p p afec p abc tt tt I rjabrs tt tt , ( 7_r4\ 

ftiabc-tlj ~ n j)al n bc 7T-K tliab-tl jrs ~r ~ {-tl jij 

Z Z o 



9 13 47rH2 
+ -ViH iab V l Hj ab + —ViH abc VjH abc + -Hi a iHj b l (H 2 



+ Pi 



4 j 12 

2\a& i od abc tt tt I i ryabrs 



p ( TT2\ab I r> p abc tt tt I . jyabrs tt tt 

riiabj\n ) + Zti{i Hj) a iN bc +K Habitl; 



rsj 



— DlHi ab D H 



ah 



+ p 1 V {l (V l H 2 )l --V, ) H 2 ) 



+ p 2 # afe(j (v j) V l H u * + 2V a V l H j) lb )y 



(16) 



Here 



HiabHj 

1 

2 



~H ial H arb H rs l H s jb + (i^j). 



The coefficients pi and P2 are arbitrary; they reflect the freedom in the definition of e 



fJ,V 



in dimensional regularization, and the possibility of finite metric renormalizations [15] 
The calculation of separate terms of the expression [TBI gives 



U = 



RiabcRf c = 2(18^ + 185% + 155%- + 6£% + B 8 5ij 

- lBB 2 B i B j - QB 4 B i B j - B 6 B i B j )/(l + B 2 f 
(-3/2)Rf c H jal H l bc = 3(-54<% - Q3B 2 5 il - 335%- - 95% - B 8 5 ij 

- 275^ - 9B 2 B i B j + 3B 4 B i B j + B 6 B i B i )/(l + 5 2 ) 5 



fa = 



1 /0"\ Dabr S TT TT 

■i-/Z)K n iab Uj rs 



-2(275, 



185%- + 3£ 4 (% 



+ 5AB i B j + 72B 2 B i B j + 39B 4 B l B j + 10B 6 B i B j + B 8 B i B' J )/(l + 5 



2\5 



* 4 = (1/8) (#% = (8% + 1085% + 545% + 125% + B s 5, 



+ 81B i B j + 108B 2 B i B j + 54B 4 B i B j + \2B % B l B j + B 8 B i B j )/4(l + B 2 f 
{l/A)D l H iab D l Hf = 8B 2 {5 lJ + B 1 B>)/(1 + B 2 ) 5 



t 7 = (l/8)H ial H l JH 



{\l\2)D % B abc D 3 R abc = %B i B i /{l + B 2 f 



2\ab 



(815; 



1085% + 545% + 125% + 5% 



+ 81B i B j + 108B 2 B i B j + UB 4 B l B j + 12B 6 B i B j + B 8 B i B j )/2(l + B 2 f 
t 8 = R iabl (H 2 ) ab = 2(-545y - 635% - 335% - 95% - 5% 
- 27B i B j - 9B 2 B i B j + 3B 4 B i B j + B e B i B j )/(l + B 2 f 
tg = H kU (Dj (D m (H mkl )) + 2D\D m {Hf))) = 24(-35 ij + 25% + 5% 



- 3B i B j + 2B 2 B i B j + B 4 B i B j )/(l + B 



2\5 
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Thus, the final expression for is 



g v 

Pfhj = ^ + *2 + *3 + *4 + *5 + *6 + *7 

+ Pi (is - ^2 - 2t 3 - tt^j + p 2 t 9 

= ((-477 + 1728pi - 576j9 2 - 4005 2 + 1328j9ifi 2 + 38Ap 2 B 2 - 1385 4 
+ Q2A Pl B 4 + 192p 2 5 4 - 24E 6 + UA Pl B 6 - B 8 + 16pi5 8 )% 
+ (-481 + 2160pi - 576p 2 - 416E 2 + 2\§2p x B 2 + 384p 2 5 2 - 1625 4 
+ 1200P15 4 + 192p 2 S 4 - 405 6 + 304P15 6 - 5B S 

+ 32 Pi B 8 )B 1 B j )/(32tc 2 (1 + B 2 f) (17) 



As noted in [T5[], for p\ = 1/4, p 2 = 0> the expression [H] coincides with the symmetric 
part of 

A?^ = ^2 (R ab \jRi)abc - ^R bCa (jRi)abc + -R a (ij)b(H 2 ) ab 

1 (tl+t 2 + t 3 ), {11 



47T 2 

where i?^ cd is given by its standard formula twisted with the change 

1 

pi pi _ ttI 

1 ij — 1 ij 9 J 



To cross-check the validity of calculations, we have also evaluated the expression 18 



t x = ((9 - 32E 2 + 42E 4 + 24E 6 + hB 8 ^ + (24 - 48B 2 - 8B 4 )e ijk B k 

+ (69 + 165 2 + 185 4 + 8B & + S 8 )M J ')/8(1 + B 2 f, 
t 2 = ((9 - 32£ 2 + 425 4 + 245 6 + 55 8 )% + (24 - 485 2 - 8B 4 )e ijk B k 

+ (-59 - 112B 2 + 185 4 + 8B 6 + B 8 )B l B j ) /8{l + B 2 f, 
t 3 = (-(27 + 185 2 + 125 4 + QB 6 + 5 8 )c% - (36 + 245 2 + AB A )e ljk B k 

+ (27 + 905 2 + 605 4 + 145 6 + B 8 )B i B j ) /2(1 + 5 2 ) 5 , 
p&i- = ((-45 - 685 2 + 185 4 + 125 6 + SE 8 )^- 
- (48 + 965 2 + 16B 4 )e ljk B k 

+ (59 + 1325 2 + 1385 4 + 365 6 + 3B 8 )B a B b )/32n 2 (l + B 2 f. 

Its symmetric part is seen to coincide with 17 for p\ = 1/4, p 2 = 0. 
The functions ^21(2) and C 2 \{z) turn out to be 

A 21 (z) = (477 - 1728^! + 576p 2 + 400z - 1328piz - 384p 2 ^ 
+ 138^ 2 - 624 Pl z 2 - 192p 2 ^ 2 + 24z 3 - 144pi^ 3 
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+ z 4 - 16piz 4 )/64vr 2 (l + z) 5 , 
C 21 (z) = (481 - 2160p! + 576p 2 + 416z - 2192j>iz - 384p 2 z 
+ 162^ 2 - 1200piz 2 - 192p 2 ^ 2 + 40^ 3 - 30Ap 1 z 3 
+5z 4 - 32j9i^ 4 )/64vr 2 (l + zf. 

From the Eq. [14] which includes the function A 2 \(z), one finds 

f 21 (z) = (477 + 8A 2 i- 1728pi + 576p 2 + 400z + 32A 2 i2- 1328pi2-384p 2 ^ 
+ 138^ 2 + 48A 2 i^ 2 - 624pi^ 2 - 192p 2 ^ 2 

+ 24z 3 + 32A 2 i^ 3 - UAp^ 3 
+ z 4 + 8\ 21 z 4 - 16pi2 4 )/128tt 2 (1 + zf. 



Substituting this into the Eq. |Tj, where C 2 \{z) enters, and taking the derivative f 21 (z) 
under assumption A21 = const, we get 

A 21 (z) = (-1589 + 6416pi - 3648p 2 - 66O2 + 1920p^ 

+ 384p 2 ^ - 6z 2 - 9Qp!Z 2 + 192p 2 z 2 
+ 28z 3 - 256p 1 z 3 + 3z 4 - 48p!,2 4 )/(1927r 2 (l + z) 4 ) 
-1589 + 6416pi - 3648p 2 89 - 371pi + 234p 2 



192tt 2 3tt 
r048pi - 4728p 2 2 1577 " 
24vr 2 Z + 12tt 2 

The condition of vanishing of the coefficients before z and z 2 gives 



-1657 + 7048pi -4728p 2 2 1577- 6812^ + 4752^, nl 4 ^ 
H z H — — z° + U(z ) 



5509 4175 



Pi = 77^7, P2 



17476' r 34952 

Under that, the coefficient before z 3 is non-zero and equals to 997/87387T 2 . 

Thus, no choice of p\ and p 2 might make A 2 i constant. It means that the 5-field 
action [12] corresponds to a theory with multiple (finite or infinite) number of coupling 
constants, and hence can not be equivalent to the model of principal chiral fields 
where this number is one. 



5 3-Dimensional Model 

In this section we calculate 2 — » 2 Born scattering amplitude for the three dimensional 
Freedman-Townsend model. It is described by the action 

S = ~ J (By» x Fl x + A^A*) d 3 x, 

where e fluX is the totally antisymmetric tensor, e 012 = 1. 
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This is a gauge theory. The gauge transformations read 

54 = 0, SB; = (0,6} + fA^t*. 

Formally, the model is again equivalent to the model of principal chiral fields. The 
simplest way to convince oneself in it — is to evaluate the path integral in a definite 
gauge. Choosing for example B\ = 0, which requires the Faddeev-Popov determinant 
A = Det \d 2 5j + f l i k A k \, the integral over B^ gives 

6(G 12 )5(G 02 ). 

After the change of integration variables A 1 — > ip l , a l , a\ 

A 2 = kjid 2V \ Ai = A jl d if j + 4, A\ = kjidrf + a\, 

we get, in analogy with section |2A Formal Approachsection.2| , the same expression |^ 
for Z. Correspondingly, the Born scattering amplitude of two particles <p is given by 
Eq.0. 

On the contrary, integrating over A 1 first will produce the theory of B % fields with 
the action 



S b (B) = -\j d 3 xe^d x BlN^ s d,Bi 

= lJd 3 x [B^U^ - d,d v )Bl - l -e^ x f ahc Bi x BiB k 
-r k Bl„B k f iln Bl x B n x ]+0(B 5 ), 

Nw* = v»J ij + e^ x p k B k x , b; u = d,Bl - d u B;. 

Of course, this theory is still a gauge theory; to gauge-fix it we add 

-\\^xd^d v Bl 



to the action. The ghosts action doesn't matter for what follows. The scattering 
amplitude is expressed through the vertex function T^ vXa . as 

A = ^(Pl)£v(P2)£\(P3)t*(P4)^ l X(7 (puP 2 ,P3,P4), 

where all p n are taken on mass shell, "p\ = 0, J2Pn — 0, and is the polarization 
vector for a physical state 



Po 

The diagram of the type |6| gives the following contribution to the scattering amplitude 

Ai = \f ijn f kln [(PlP2) 2 (pi0P40 + P20P30 - PWP30 - P20P40) 
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+ (Pm) (PwP20P40 + PwP30Plo + P20P 2 30 P40 + PwPl P30 

- PwP2oP30 - P2oP3oPlo " PiopIqPao - PwpIqPao) 
- (pm)(PioPl P4o + PwP2oP30 + P20P30PI0 + PioPmPm 

- PiopIoPso - P10P20P40 - PioPsoplo - P2oploP4o)] 

+ (j,2^fc,3) + 0',2^Z,4)}. 
The diagrams of the type || contribute as 

^33 = \ f kln [(PlP2) 2 (Pl0P40 +P20P30 -P10P30 -P20P40) 

PlOP20P30P40 I 

+ (PlP4)(P30P40 ~ P10P20 - P 2 1Q ~ P2o)G°10P40 + P20P30) ~ (pXPa) (P30P40 

- - A - A)(p«*» + iw.) - (P1P3) ~ (pm) p w p^] 

+0',2«*,3) + (j,2 <->i,4)}- 
Summing up these expressions, we finally get 

A = A 4 + A 33 = l -[f 12i f Ui ( PlP3 - P4P4) + f 13l f 42l (pm - P1P2) 

+ f Ul f 23t (PlP2-piP3)], 

which is nothing but a scattering amplitude in the theory of the principal chiral fields 
(seefl). 

This example confirms the hypothesis that the two dimensional anomaly discussed 
above is caused by severe infrared singularities of massless fields. 
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